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1.3 Formulating Abstractions with
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Greatest Common Divisors (&A%

s A—9UYFDOERRE

s GCD(a, b) = GCD(b, amod b)

(define (gcd a b)
(f (= b 0)

a
(gcd b (remainder a b)) ))




==}
I!l Chinese Remainder Theorem

EIT1RERR
X = b, (modd, )
X = b, (modd,)

X = by (mod d,)

DBE. d,, d,, ... d, BEVNKRTHNIE,
n=d,d,...d,

ERELT, 12—DDENHZ,

FF.n/d, =n;, EBIFIE. d &En, BEWZETHIMD.
n; x; = 1 (mod d;)

DfE x, ERHHENTES, ZTT,
XEbyngx;+b,n, %X, + ...+ b, n X, (Modn)

ETIIE, C0 x GHLMHEDARRET A THRET S,

==
I!l Chinese Remainder Theorem® 4l

X mod 105 (%7

«e3*5*7 =105

ex =1 (mod 3)

e X =2 (mod 5)

*Xx =3 (mod 7)

* 35*2 =1 (mod 3)

*21*1 =1 (mod 5)

«15*1 =1 (mod 7) &Y,

e x mod 105
=1*35*2 +2*21*1+3*15*1 mod 105
=157 mod 105 =52 mod 105

Lame®EHE

» GCD(a, b) (:=13L. b< a) D EIkstep BE
g5, b2 Fib(k)

= BIZIE,. GCD(m, n) (f=f2L. n< m) H kstep
IBETRE n2Fib(k) = OK/ /5

¢=%(1+ J5)  Fib(n) ;¢—n5

» DFEY, RTVTHIL. n OFBAIZIEM,
» O(log n) steps




Order of Growth: Examples

FhiE ATvTH AR—X
factorial o(n) o(n)
fact-iter o(n) 0(1)

T—7 LS EE fact 0(1) A(n)
fib (9" 0(n)

fib-iter e(n) 0(1)
T—7 L5 HE b 0(1) e(n)

[ Testing for Primality

(define (smallest-divisor n)
(find-divisor n 2)

(define (Find-devisor n test-divisor)
(cond ((> (square test-divisor) n) n)
((divides? test-divisor n) test-divisor)
(else (find-divisor n
(+ test-divisor 1) )) ))

(define (divides? a b)
(= (remainder b a) 0) )

(define (prime? n)
(= n (smallest-divisor n)) )

=
[.l Improvement by HGO

(define (smallest-divisor n)
(find-divisor n 3)

(define (Ffind-devisor n test-divisor)
(cond ((> (square test-divisor) n) n)
((divides? test-divisor n) test-divisor)
(else (find-divisor n
(+ test-divisor 2) )) ))
(define (divides? a b)
(= (remainder b a) 0) )
(define (prime? n)
(if (even? n)
2
(= n (smallest-divisor n)) ))




HThe Fermat Test
«| aP?=1mod p if p HEH (prime) ‘

(define (expmod base exp m)
(cond ((= exp 0) 1)
((even? exp)
(remainder (square (expmod base (/ exp 2) m)) m) )
(else
(remainder (* base (expmod base (- exp 1) m)) m) )

(define (fermat-test n)
(define (try-it a)

= xpmod a n n) a) )
(try-it (+ 1 (random (- n 1))))

(define (fast-prime? n times)
(cond ((= times 0) true)
((fermat-test n) (fast-prime? n (- times 1)))
(else false) ))

[ Probabilistic Algorithms (B 7 LT X L)

s Carmichael numbers: 561, 1105, 1072, 2465,
aSGO:aZ alO a16
a2=1 mod 3, al®=1 mod 11, al®*=1 mod 17
= a%60=1 mod 561 =3*11*17
= Fermat’s testld. T7—DHEEFEREIT/NEITES,
— probabilistic algorithm
BERMDHEGE
n Algorithm: Wilson’s test
pis a prime precisely
when (p-1)! =-1mod p
CEFHFEH

Discussion: Fermat’s or Wilson’s?

1. BfgSREE:
2. Fermat’s test: p HEHLDS

Va<p, aP®» = 1 mod p
3. Wilson’s test: p BNHR#HTHAIDE+SEHI
(p-1)! = -1 mod p
LA
n! ~2xn)* (n/e)”




f;-'_J 1.3.1 Procedures as Arguments

(define (sum-integers a b)

(if (> ab) .
(+ a (sum-integers (+ a 1) b)) )) ZI
(define (sum-cubes a b) =
Gf G ab) b
0 -3
(+ (cube a) (sum-cubes (+ a 1) b)) )) Z|

(define (cube x) (* x x x))

(deflne (pl sum a b)
af b)

(+ (/1.0 (* a (+ a2))) (pi-sum (+ a 4) b)) ))

b
(define (<name> a b) 1
b) >

arge ~ii+2)

(+ (<term> a)
(<name> (<next> a) b)) ))

®%1.3.1 Procedures as Arguments

]

(define (<name> a b)
(if (> ab)

b
0 -
(+ (<term> a) E f (I)
(<name> (<next> a) b)) ))
(define (sum term a next b) - -
Gf (> a b) i=a,next(i)
0
(+ (term a)
(sum term (next a)next b)) ))
(define (inc n) (+ n 1))
(define (sum-cubes a b)

b
(sum cube a inc b) ) Zcube(i) b

(define (identity x) x) ) -
(define (sum-integers a b) i=a,i+l Z

(sum identity a inc b) )

Pi-Sum (Pi/8) MEt&E A%
b

zterm (1)
i=a,znext (i)

(define (pi-sum a b)
(define (pi-term Xx)
/1.0 * x (+x2))))
(define (pi-next xX)(+ x 4) )
(sum pi-term a pi-next b) )




| &% (integral) OFE A
o s e
b

(_ f(|)Ax

(define (integral f a b dx)
(define (add-dx x) (+ x dx))
 (sum f (+ a (4/ dx 2.0)) add-dx b)
dx ))

=]
[.| Ex.1.31 Product

b
(define (product term a next b) | I f (I)

(if (> ab) . .
1 i=a,next(i)
(* (term a)
(product term (next a)next b)) b
; 17
(define (product-cubes a b) . :
(product cube a inc b) ) i=a,i+1

(define (product-integers a b) I I i

(product identity a inc b) ) .
i=a,i+1

o=
[.l Ex.1.32 Accumulation
“(define (sum term a next b)

b
i b q
arg e v > £ )
(+ (term a) i=a,next(i)
(sum term (next a) next b)) )
(define (product term a next b) b
if >ab .
are e [170
¢ (term a) i=a,next(i)
(product term (next a) next n)) )

(define (<combiner> <name> <term> a <next> b)
(f (G ab)
<null-value>
(<combiner> (<term> a)
(<name> <term> (<next> a) <next> b))

b))




==}
I!l Ex.1.32 Accumulation

(define (<combiner> <name> <term> a <next> b)
(af ( ab)
<null-value>
(<combiner> (<term> a)
(<name> <term> (<next> a) <next> b))

))

(define (accumulate combiner null-value
term a next b)
(if (> ab)
null-value
(combiner (term a)
(accumulate combiner null-value
term (next a) next b ))))

=
|!| lambda: Anonymous procedure
(define (fact n)
Gif (= n 0)
1
 n (fact (- n 1))) )
IEROK EF (T

(define fact
(lambda (n)
(if (=n 0)
1

¢ n (fact (- n 1))) 1))

Lambda as anonymous procedure

(lambda (x) (+ x 4))
((lambda (x) (+ x 4)) 5)

(define (pi-sum a b)
(define (pi-term x)
(/1.0 * x (+ x2))) )
(define (pi-next X)(+ x 4) )
(sum pi-term a pi-next b) )

(define (pi-sum a b)
(sum (lambda (x) (/ 1.0 (* x (+ x 2))

?Iambda ) (+ x 4)
b))




Using let to create local variables

RKey) =Lt cg) +o(l - ) + (L + o){1 — )
a = 14 zy
b — 1—y
(define (F x y) Kry) — za? L b1 ab
(define (f-helper a b)
(+ (* x (square a))
'y b)
ab)))
(f-helper
1 xy)
GC1yv))»

[L)1.3.2 Local Variables with let

(define (f x y) (define (f x y)
(define (f-helper a b) ((lambda (a b)
(+ (* x (square a)) + (* ; lg§quare a))
Gy ¢ aby
(er 2 (+1 ¢ x )
(f—helper (_ 1 y) ))
1 xy)
GC1iy»
(let ((<vy><e>)
(define (f x y) (<v,> <e,>)
(let (gﬁ E+ i (;)X)y)))
+ (* x (squgre a)) (<v><e>) )
*y b) <body>)
¢ a b)) SUBYHR YN —

i) scope of variables

(et ((x 7))
(+ rers

X))

let ((x 5))

Substition
model




m scope of variables

(let ((X 7)) X =7
(+ X =3
: -> 33
.x) )} X =7 -> 40
(let ((x 5)) x =5
X =3
y =7
-> 21

El.s.s Procedures as General Methods

Finding roots of equations by the half-interval method (&

F=4i%)

(define (search T neg-point pos-point)
(let ((midpoint (average neg-point pos-point)))
(if (close-enough? neg-point pos-point)
midpoint
(let ((test-value (f midpoint)))
(cond ((positive? test-value)

(search f neg-point midpoint))
((negative? test-value)
(search T midpoint pos-point))
(else midpoint))))))

Finding roots of equations
E by the half-interval method

(define (close-enough? x y)
(< (abs (- x y)) 0.001))

(define (half-interval-method f a b)
(let ((a-value (f a))
(b-value (f b)))
(cond ((and (negative? a-value) (positive? b-value))
(search f a b))
((and (negative? b-value) (positive? a-value))
(search f b a))
(else
(error "Values are not of opposite sign” a b))

)]

L:BRFOREE. T:REHEE. RTYTH:0(log(L/T))




Finding fixed points of functions (FEi )

XBFBR TOO = X ga), KR D),
(define tolerance 0.00001)

(define (fixed-point T first-guess)
(define (close-enough? vl v2)
(< (abs (- v1 v2)) tolerance))
(define (try guess)
(let ((next (Ff guess)))
(if (close-enough? guess next)
next

(try next))))
(try first-guess))

Finding fixed points of functions(FEhR)
(fixed-point cos 1.0)

(fixed-point (lambda (y) (+ (sin y)
(cos y)))
y*y=x y=x/y &EL&,
Looking for a fix-point of the function y
|-> x/y
(define (sqrt x)
(fixed-point (lambda (y) (Z x y))
1.0))

f@ 11A1H - AADA=21—

]
B Intermission

m 1.3.2 Constructing Procedures Using
“Lambda’

m 1.3.3 Procedures as General Methods
m 1.3.4 Procedures as Returned Values

10



H A traditional roller-blader?

m A traditional inliner skate? ¥ "

m Abacus
nEH# (£5(FA)
CON" T PAMIC
T BRI © http://
w B www.newzealand

T .com/travel/library
/847_3.jpg
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Abacus & Binary Adder (2#£ME )
£ ¢ (carry, #irEIF)
Cis1 X

+
5 — —y

(define (adder x y c)
(define (carry x y c)
(if (or (and (—

(define (su%)x y ©)
(xor x y c) )
(cons (sum x y c) (carry xy c)) )

(define (xor x y z)
(f (=x0
(|f (=y0) z (if =z 0) 10))
Gf Gy 0) (if (=20)10) 2)))

E 5’8 : 11 A7 F &5kt

lambda Z&HE TFHREEAHLITS
» TEREE. RDI0MR:

. Ex.1.21, 1.23, 1.25, 1.29, 1.30, 1.31,
1.32,1.33, 1.34, 1.35.

» ETHBEOAIEIE (time (F a))
DON" T PANIC!

ii ;ih ii
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