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1.2 Procedures and the Processes
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1-2-1 Linear Recursion and lteration
» EROEE

(define (factorial n)
(if (<= n 0)

1

(* n (factorial (- n 1))) ))

To define nl, if it is non-positive, return 1
otherwise, multiply it by (n-1)!

nt = n* (n-1)!
ESFETEINSM, Substition model TELT




factorial DEBRETIVLIZFHET

(factorial 6)

(& (factorial 5))

(& (* 5 (factorial 4)))

(& (* 5 (* 4 (factorial 3))))

(@ (& @ (* 3 (factorial 2)))))

5 4

5 4 (* 3 (* 2 (Factorial 1))))))
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1-2-1 Linear Recursion and lteration
» [BEOER(ZTDI)
(define (factorial n)
(if (<= n 0)
1

(* n (factorial (- n 1))) ))
To define N\, If it is non-positive, return 1
otherwise, multiply it by (N-1)!
s ESFE{TENSBH, Substition model TEIT
= Linear recursive process (#&HHIRMHTOEX)
(NIZEEBIL THEIRTO RN ELD)
= F&IL deferred operations GEIEEE)

factorial DEBRETIIVIZLEEIT

factorial 6)

* 6 ((factorial 5))
(* 6 (* 5 |(factorial 4)))
(* 6 (* 5 (* 4|(factorial 3))))

(* 5 (* 4 (* 3](factorial 2)))))
(* 5 (* 4 (* 3 (* 2|(factorial 1))))))
(5 (* 4 (* 3 (* 2 (* 1](factorial 0)))))))
g* 5C4C3C¢C2C11)00N
(C

Deferred
operation

*5 (4 (>3 (*2]D)HN

*5 (* 4 (*3]2)))
5 (* 4]6))

* 5]24))
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() 1-2-1 Linear Recursion and Iteration
» BEOEZE(ZD2)

(define (factorial n)
(fact-iter 1 1 n) )

(define (fact-iter product counter max-count)
(if (> counter max-count)
product
(fact-iter (* counter product)
(+ counter 1)
max-count) ))

Todefinen!,n! = 1 * 2 * «=a * n
product = counter * product
counter = counter + 1

ES5FE{TENABM, Substition model TE1T

L) factorial DERETIVIZEDEST

(factorial 6)
(fact-iter
(fact-iter
(fact-iter
(fact-iter 6
(fact-iter 24
(fact-iter 120
(fact-iter 720
720

e Linear iterative process
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factorial — Block Structure

(define (factorial n)
(define (iter product counter)
(if (> counter n)
product
(iter (* counter product)
(+ counter 1) )))
(iter 1 1) )

= FiZE iter [&. factorial OHFTEHEI,
= NNERHS SRR
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l!lTaiI recursion D E A
(define (fact n)
(af =n1d)
1
¢ (fact (- n 1)) n) ))
» ZOTATILIEROER
nt = (n-1)! * n
n FEFEDFactorial LDEWNE

(define (factorial n)
(if (<= n 0)
1

(* n (factorial (- n 1))) ))

W factDBHWETIVIZEBEST

(fact 6)

(fact 5) 6)
* (fact 4) 5) 6)
* (* (fact 3) 4) 5) 6)

(> (* (* (fact 2) 3) 4) 5) 6)

¢ ¢ (* (* (* (fact 1) 2) 3) 4) 5) 6)

¢ CEEEE (fact 0) 1) 2) 3) 4) 5)

X0 0r(* 1 1) 2) 3) 4) 5) 6)
Coeaelannse

v\
* X

(" (*23)4)5)6)
* 6 4) 5) 6)

(* (24 5)

¢* 120)

==
I!l Tail recursion [2&3EE1L

Sc>{(time (null? (Factorial 5000))) |
total time: 0.729999999999563 secs

user time: 0.690993 secs

system time: O secs

#f

sc>[(time (null? (fact 5000)))

total time: 1.34000000000015 secs

user time: 1.321901 secs

system time: O secs

#f

SC>‘(time (null? (fact-iter 5000))) ‘
total time: 0.720000000001164 secs

user time: 0.701008 secs

system time: O secs

#f

av4 LT 5HE factorial &fact-iterlXELa—FRI<EifEh3,




EProcedure (ZF#7ZE) vs. Process(FAEX)

» FHEEFNBIRNEE. BEXENOESE,
BS O TEASZERE - MEICFUHT,
« BRHFHEOET
- BERIOERTET
- REIOERTET
 BEBERTOERIIBRERETOCRICERTRE
ltail recursion (REHIRE) J
= BIRF7OEATIL, deferred operationRIZF A+
AERFLTHEDEL DD
= AR—ZRENRAITLVS,
= Scheme @ J)L—FEi&[Esyntactic sugar
e do, repeat, until, for, while

mEx.l.lo Ackermann Function

(define (A x y)
(cond ((=y 0) 0)
(= x 2) g* 2y))

(eise (A (- x1)
Ax Gy DN

s AckermannBAHIEREEIRTITAL !
(define (Ack m n) I l
(cond ((=m0) (+ n 1))
(= n0) (Ack (- m 1) 1))
(else (Ack (- m 1)
(Ack m (- n 1)) ))))

|i|747|{7"39‘E§¥I(Fib0naCCi Function)
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(KHEE
% 1.2.2 Fibonacci — Tree Recursion ﬁ.J;fL

]

(define (fib n)
(cond ((=n 0) 0)
(Gn1 1
(else (+ (fib (- n 1))
(fib (- n 2)) ))))

(define (fib n)
(fib-iter 1 0 n)

(define (Fib-iter a b count)
(if (= count 0)
b

(fib-iter (+ a b) a (- count 1)) ))

chttp://mitpress.mit.edu/sicp/chapterl/fib-tree.gif

(7 1.2.2 Fibonacci - Tree Recursion

( 1.2.2 Fibonacci - Iteration

]

(define (fib n)
(cond ((= n 0) 0)
(Gn1 1)
(else (+ (fib (- n 1))
(fib (- n 2)) X))
»  byFHEYY (top-down) HISEHE
(define (Fib n)
(Fib-iter 1 0 n)
(define (Ffib-iter a b count)
(if (= count 0)
b

(fib-iter (+ a b) a (- count 1)) ))
»  REAPYF (bottom-up) KIZFHHE




Ex. Counting Change

(define (count-change amount)
(cc amount 5) )

(define (cc amount kinds-of-coins)
(cond ((= amount 0) 1)
((or (< amount 0) (= kinds-of-coins 0)) 0)
(else (+ (cc amount (- kinds-of-coins 1))
(cc (- amount (First-denomination
kinds-of-coins))
kinds-of-coins )))))
(define (first-denomination kinds-of-coins)
(cond ((= kinds-of-coins 1) 1)
((= kinds-of-coins 2) 5)
((= kinds-of-coins 3) 10)
((= kinds-of-coins 4) 25)
((= kinds-of-coins 5) 50) ))

£ 1.2.3 Order of Growth
R(n) IE. RATYTEHBNERAR—RE
*R() M em) Kk, f(n)=RMn)=k, f(n)

. R(gﬂnﬂ“ oM R(n)<k f(n)

. R(_,;)Bébﬁ‘ Q- R(n)=k f(n)

Foralln>n,

Order of Growth: Examples

FinE ATYTH AR—R
factorial o(n) 0(n)
fact-iter o(n) 0(1)

T—7 LB fact 0(1) e(n)
fib (") O(n)

fib-iter o(n) 0(1)
T—7 LB HEfib 0(1) e(n)
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[.l Order of Growth

RDE(LED
AR - ERRICKTS =
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o y:x2 s

* y=xlog x

1.2.4 Exponentiation (RHE)

defi t b
COrERE P

1
¢ b (expt b (- n 1))) )

= Linear recursive process @(N) steps, @(N) space

(define (expt b n)
(expt-iter b n 1)

(define (expt-iter b counter product)
(if (= counter 0)
product
(expt—lter
counter
b product )))

= Linear iterative process ®(N) steps, ®(1) space

pn=p *e .

b

Exponentiation

(define (fast-expt b n)
(cond ((=n0) 1D
((even? n)

(else (* b (fast-expt b

(define (even? n)
(= (remainder n 2) 0) )

- n 1))

(square (fast-expt b (/ n 2))))

space

= recursive process @(log n) steps, ®(log n)
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[.l Exponentiation(RE5)
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Greatest Common Divisors (&A%

= amod b = r (modulo Elf) LT 5L
= GCD(a, b) = GCD(b, r) ML,
u :L—OUWFUJFLI%}%

(define (gcd a b)
(if (=b 0)
a
(gcd b (remainder a b)) ))




Il Modularity Calculus

*a= bmod n (congruent modulo 1)
framod n& bmod n MELLN]

« (reminder of) xmodulo n (Xl

ea+bmod n
= (amod n + bmod 1) mod n

*a*bmod n
= (a@amod n * bmod 1) mod n

e amod (M*n)IEHEAEREFETRDS
car1=1mod p if p HAEH(prime)

==
I!l Chinese Remainder Theorem

I 1 RERR
X = b, (modd,)
x = b, (modd,)

X = b, (mod d,)

DIRE. dy, dy, ... d, BEVZRTHAIE,
n=d,d,...d,

ZHRELT E—DOOELNHSH.

FF.n/d, =n, EBHIE. d, &n, FEWVICETHINS.
n;x; =1 (modd,)

DR x; ERHJIZEMTES, 22T,
X = by ny X, +b,n, X, + ...+ byngx, (Mod n)

ETNIE, SO x [FHALMCEEDERARETRTHET B,

==
I!l Chinese Remainder Theorem® 45l

299mod 91 (7
*91=7%*13
*«23=1 (mod 7) &Y. 2°° =1 (mod 7)
« 26 =-1 (mod 13) &Y.
284 =1 (mod 13) = 25 =-1 (mod 13)

*13*6 =1 (mod 7)
e 7*2 =1 (mod 13) &Y.

« 229mod 91 =1*13*6 -1*7*2=64

10



m Discussion: Fermat’s or Wilson’s?

1. BEfaRBEE:

2. Fermat’s test: p AEHLD
Va<p, aP?D = 1 mod p

3. Wilson’s test: p NRYMTHIDETHEHIE
(p-1)! = -1 mod p

BHAIC
n! ~2xn)* (n/e)”

E B8 : 10 A 31 B F &S Y]

Tail recursion 1% iteration [CBEEIZEH:

s BEK.ROT7E:
Ex.1.9, 1.10, 1.12, 1.14, 1.16, 1.17, 1.19.

DON' T PANIC!

Iil 1' Iil
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