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Return to the CubeLemma

TIEt f IIt
bottom fore is a htpy pushtit
Y sides are htpy pullbacks
top face is a htpy pustant

Trickypart finding info on a b t find
the htpy type of H

Specialize Suppose 7 D as 2 inducing
the cube ie I htpy fibration

H D Z

and F B 22



and B Z
G e z
E A D

Advantage I htpyaction of R2 on H F G E

compatible

Specialize more

Thing Gray T Beben T

Suppose I htpy cofibration A Is B S D

and a map D Z Then I htpy commutative
cube

next El F y
I 22 Is A

A fortyfI D

L
Z

where 4 sides are htpy pullbuds
top for is a htpy pushout
it is a projection
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appropriate

I is the composite

R2 A IG ex F F

Renard Observe
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MEAT
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R2 H

Need lift g such that
AI Fa H

is null htpic
g lifts

is the fibre of F H

fibre of B D

Note I lift
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Choose
g to be A X F

This is an appropriate choiceof g
always exists

Butch ofproof
Replace htpycof.is At B D

by a real cofiboutian

A IB as Bug CA

Replace fibration H BD Z by
Q P2 pathspace

I pullback Lev
BUCA Z

ie fibration Q BufCA 2

Carefully analyze the naps in the cube

Goingfurther Suppose B 52 ie B D 72



has the property that Rh has a right htpy
inverse ie R2 retracts off RB

Then in the htpy fibration sequence

R2 F B Is z

d is null hdmotopic So

R2 F F

d
R2 xp

I half smash

RAF 22 47

22 It is also will htpic

poshant RZA Is F

da I
AR H

can have 22 pinched ant t a

new htpy pushant

R2 A F
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LH
H

ie Fhtpy cofibration

R2 A IF H

Thad Suppose I htpy cofboateon At B D

and a map D s 2 such flat wiB D iz

has Rh with a right htpy inverse

Then I htpy cofibrateon

RZA A Is F H

Specialise more

Cary suppose I htpycofibraten AIB ID
where th has a right htpy inverse

Then I htpy fibration

RHA B Is D

and F htpyequivalence

RB EAD RIAZ A



RB RD RI 1

Note Assume throughout spaces are tonnected

Pf By Thm A F htpycommutativecube

rn xAgh F
RD II
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when the topface is a htpy puslant
Since Rh has a right htpy inverse
Thin B says I htpy cofibration

RD A F

It is i so

I Y is a htpy equivalencebyWhitehead's Thin

ie the fibration F B Is D



B D

is ID A B D

Also th has a right ntpy inverse

I RB A Rdx RUD A a

Car C is
very powerful

Est Known I htpy cofibration

x es XVY of Y

Then q has a right inverse so sq doestoo

Cor C says I htpy fibration

MY ex try a Y

and Nevel Rex rt rt xx

Refinement In general I htpy equivalence

A x EB CALEB VEB



so a htpy cofibration EA I BT D
where th has a right htpy inverse

then I htpy fibration

RD KEA B ID
12

DAEAIVEA

If D ed then I htpyfibration
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R
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